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Introduction 
If G : G + IF is a fully faithful fun&or of groupoids which is, up to isomorphism, 
surjective on objects, i.e. an essential equivalence, then using the axiom of choice, 
it is well known that one can find a quasi-inverse G: F + G for F which makes it 
into an equivalence of categories, i.e. so that FG 7 id(F) and GFS id(G) and, in- 
deed, this assertion is equivalent o the axiom of choice.’ What we intend to show 
here is a direct proof of slightly less obvious result: If IF is a free groupoid on a 
directed graph @ 2 Ob([F), then it is possible to choose a quasi-inverse for F in such 
a way that (E is seen to be free on the directed graph 9 3 Ob(Q which consists of 
the non-identity images under G of the generators of IF together with the natural 
isomorphisms pX: GF(X) ?X, XEO~(UY?) of the equivalence. An immediate cor- 
ollary of this theorem is the precise form of the Nielsen-Schreier theorem [4,5] 
which gives a system of free generators for any subgroup of a free group. Another 
is Serre’s theorem [6,7] which characterizes free groups as those which can be made 
to operate freely on a graph which is a tree. Both are seen to follow from the essen- 
tial part of the theorem, Corollary 2.3: If (i? X [F is an essential equivalence of a 
group G with a free groupoid IF (so that G is isomorphic to the group of automor- 
phisms of some object of a connected non-empty free groupaid), then 65 is a free 
group. For readers familiar with graph theory, it is followed by an independent 
proof of this corollary which leads directly to the Nielsen-Schreier theorem (Theo- 
rem 4.1). The more general form of the Bass-Serre theorem is amenable to related 
methods and will be treated in a separate paper. 
* This research has been partially supported by the National Science Foundation. Special acknowledge- 
ment also goes to the author’s colleague, Stephen Schanuel, whose conversations greatly helped him to 
distinguish the forest from the trees, among many other things. 
‘For any surjection f, the canonical functor from the graph of the equivalence relation associated 
with f considered as a groupoid into the discrete groupoid defined by its target is an essential equivalence 
which admits a quasi-inverse if and only if f admits a section. 
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1. Directed graphs and free groupoids 
1.0. Throughout this paper the term graph 9 : E 3 V will mean directed graph, i.e. 
a set E of edges and a set I/ of vertices together with functions S, T : E z V, called 
source and target, respectively. The notation ‘f: X0 + Xl” will simply mean that 
feE with S(f)=X,, and T(f)=X,. An edge f will be called a loop if S(f)= T(f). 
The opposite graph Sop has the same edges and vertices as z? but has its source 
and target interchanged. It will often be useful to require that the graph has 
degeneracies, i.e. an additional function I: V -+ E such that SI=TZ=id(V). For 
each vertex X0, the distinguished loop 1(X,) : X0 + X0 will be called the degenerate 
loop associated with the vertex X0 and an edge will be said to degenerate provided 
it is of the form I(X) for some vertex X of the graph. The graph will be said to have 
formal inverses if an idempotent bijection (-)-I : E -+ E is given which is direction 
reversing, i.e. S(f -‘) = T(f) and T(f -‘) = S(f) for all f e E, and carries degenerate 
edges into themselves if they are present. Clearly one can freely adjoin to the set of 
edges of a graph a copy of the set of vertices of the graph in such a fashion that 
they become the set of degenerate dges of a new graph with degeneracies. More- 
over, one can freely adjoin to the set of non-degenerate dges E-Z(V) a copy of 
itself which will become the set of formal inverses of a graph with formal inverses. 
In this fashion one can functorially adjoin or forget this additional structure as 
needed. The most convenient way to do this is via the notion of a path: 
1.1. In any graph 9: E 2 V a (coherent) path of length nr0 from a vertex X0 to 
a vertex X,, is a sequence (fi)lliSn of edges of 9 for which X,=S(fJ, X, = T(f,), 
and T(J) = S(J;+ J for all i. A path from X0 to itself is called a circuit about X0, 
and if of length 0 (the empty sequence of edges), the degenerate loop about X0. 
The set of paths of length 0 is in bijective correspondence with the set of vertices 
of the graph, those of length 1 with the edges. The adjunction of degeneracies i  
now accomplished by the graph which has the same vertices as the original graph 
9, but whose set of edges is just the set of paths of 3 of length ~1. The graph which 
has the same vertices as the original graph S, but whose set of edges is just the 
set of paths of LJ of length 5 1 has an obvious category structure where composition 
is given by concatenation of paths and identities by the paths of length 0. It is 
called the category of paths of the graph 9. Formal inverses may be obtained 
with the graph 9[E-‘1 which has the same vertices as ~3 but whose set of edges is 
the disjoint union of the edges of 9 with those of Pp, f : Xl +X0 E Sop becomes 
f -’ : Xl -+X0 in 9 [E-l]. The adjunction of both degeneracies and formal inverses 
becomes just the graph of paths of length ~1 in 9 [E-l]. The familiar notion of a 
chaotic path from X0 to X,, in a graph g, i.e. a sequence of vertices and edges 
linking the vertices together without regard to coherence of source and target, is 
most easily defined, quite simply, as a path in 9[E-‘1. In any graph with formal 
inverses, a subsequence (fi,J+ I) of a path in which J; =_&ll or fi-’ =fi+ 1 is called 
a backtracking. A path which has no backtracking is said to be a reduced path. 
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1.2. For any graph 9 : E 2 V, we define the free (orpath) groupoid on (or generated 
by) the graph 9 as the groupoid IF(S) which is universal for source and target 
preserving maps of 9 into the underlying graph of a groupoid. In terms of paths, 
it may be described as the groupoid whose objects are the vertices of 9 and whose 
arrows are the equivalence classes of paths of length 20 of the graph 9[E-‘1 in 
which any path with a backtracking is equivalent o one in which the backtracking 
is eliminated. A circuit about X0 which is equivalent to the empty loop I(&) is 
called a degenerate circuit. Composition in [F(S) is still given through concatenation 
of paths which remains associative after reduction. The inverse of a reduced path 
is the reduced path in which each J is replaced by A-’ in reverse order. The de- 
generate loops remain the identities with proofs of these assertions parallel to those 
for free groups. Indeed, if the set of vertices of the graph is reduced to a one element 
set, the free groupoid on such a reduced graph is isomorphic to the free group 
generated by the set of edges of 9. 
As with the free groupoid, the adjunction of degeneracies and/or formal inverses 
provide the corresponding left adjoints to the obvious forgetful functors of these 
categories (whose morphisms are required to preserve whatever structure is present). 
Composition of the appropriate functors provides the corresponding left adjoints 
into the category of groupoids. In any case this amounts to no more than taking 
the category of paths of the appropriate graph and imposing the relations which 
make the degeneracies and/or formal inverses into true identities and/or inverses. 
Thus for example the free groupoid on a graph with degeneracies i isomorphic to 
the free groupoid on the directed graph (E-I(V)) 3 V whose set of edges is the 
complement of the set of degernate dges in E. Note also that the familiar operation 
of ‘collapsing an edge to a point’ is meaningful only in the category of graphs with 
degeneracies where it may be interpreted as making an edge degenerate (i.e. forming 
the appropriate pushout over the canonical morphism to the terminal object, which 
has exactly one vertex and one (degenerate) edge). 
Groupoids 
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We now are able to recall the following observations originally due to Higgins [3] 
(whose philosophy of the usefulness of the category of groupoids in the study of 
the category of groups we again affirm here). In our formulation they become 
tautologies: 
1.3. Proposition (Higgins [3]). (a) A (non-empty) graph 9 is connected (i.e. any 
pair of vertices may be joined by a (possibly) chaotic path) if and only if the free 
groupoid IF(S) is connected (i.e. any two objects are isomorphic). 
(b) A graph 3 is circuit free (i.e. there exist no non-degenerate (possibly) chaotic 
paths from any vertex to itself) if and only if F(S) is simply connected (i.e. Aut(X) 
is a trivial group for all XE Ob(F(S)) = I/ 
(c) A graph 9 is a tree (i.e. is connected and circuit free) if and only if F(S) is 
connected and simply connected (i.e. is isomorphic to the codiscrete groupoid2 
I/xl/; V 
pr2 
defined by its set of objects). 
1.4. Since the filtered union of subtrees of a graph is a tree, by Zorn’s Lemma every 
graph contains a maximal tree which must have the same set of vertices as the graph 
whenever the graph is connected (otherwise maximality would be contradicted). 
Consequently, every connected graph has a maximal tree as a wide subgraph. By 
passage to the free groupoids generated by the tree and the graph we obtain a func- 
torial section 
F(i) : F(Y) c, F(a 
1 (2) 
vxv 
of the canonical functor (T, S) : F(9) + Vx V whose target is the codiscrete group- 
oid defined by the set of vertices of the graph and whose defining property makes 
the square 
g+$ 
1 ‘1 
(3) 
*Higgins [3] calls such groupoids simpliciul; Gabriel-Zismann [4] call them simply connected group- 
oh. We prefer the term codiscrete since they define the right adjoint to the forgetful functor Ob : Gpd + 
SET, whose left adjoint has long been called the discrete groupoidfunctor (i.e. no arrows other than 
identities). 
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a pullback (on the underlying graph level). Every maximal tree can be obtained from 
such a section since any groupoid always contains a maximal codiscrete subgroupoid 
which must be isomorphic to Ob(lF)xOb([F) if 1F is connected. 
1.5. On the graph-theoretic level and, indeed for our purposes here, the significance 
of the existence of a maximal tree in a connected graph is that for any two vertices 
of the graph there is a unique chaotic path which connects them and lies entirely 
in the tree. 
2. Equivalences with free groupoids 
We now recall the following definition and proceed with a statement of the main 
theorem: 
Definition 2.0. A functor F: 6 + [F is said to be an essential equivalence provided 
it is fur/y faithful (i.e. Horn&X, Y) a Horn&F(X), F(Y)) is a bijection for all ob- 
jects X, Y in C?) and essentially surjective on objects (i.e. given any object A in ff 
there exists an object Z in C? together with an isomorphism v, : F(Z) z A). 
A quasi-inverse for F is a functor G : F --, G such that GF7 id [F and FG 7 id(G). 
The pair F, G is then said to be an equivalence. 
Granted the axiom of choice, such a G exists for any essential equivalence F, but 
we can say more, as follows: 
Theorem 2.1. If F: G --f F is an essential equivalence of groupoids in which F is free 
on a graph 9 : E 3 V, then F admits a quasi-inverse G which has the following pro- 
perties :
(a) G is constant on connected components and 
(b) QI? is free on the graph which has the objects of U3 for vertices and for edges 
the set of non-identity images under G of the generators of G together with the 
isomorphisms px : GF(X) ? X, XE Ob(Q of the equivalence. 
2.2. Proof. Since any groupoid is the coproduct (= disjoint union) of its connected 
components (i.e., maximal connected subgroupoids) any essential equivalence of 
groupoids is the coproduct of essential equivalences of connected groupoids. More- 
over, since any free groupoid is the coproduct of the free groupoids generated by 
the connected components of the generating graph, we may restrict our attention 
to connected groupoids. We will now give two proofs of the theorem, the first of 
which is ‘algebraic’ (and imitates Schreier) and the second of which is categorical 
and is most easily compared with [3] and [4]. 
Proof 1. Since [F and G are non-empty we may choose a fixed object Z in CG, and 
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a maximal tree 3~ g. We now define the object mapping of G to be G(A) = Z for 
all objects A in F and define oA : F(G(A)) = F(Z) S A to be that unique path from 
F(Z) to A in ff (9) which is defined by the corresponding unique chaotic path in the 
tree 3. For any generating edge f: A --f B, G(f) : Z + Z is defined as that unique 
arrow in (E whose image under F is equal to clg’f~~ : F(Z) --f F(Z) in [F. Note that 
G(f) = id(Z) if and only if f is an edge in 5 (for then faA : F(Z) 1 B would be in 
the tree and hence equal to (rB (or equivalently, would define a non-degenerate 
loop in the tree). Finally define for each XE Ob(Q, /3x : Z = GF(X) +X as that 
unique arrow in G whose image under F is oFcx) : F(Z) = FGF(X) --f F(X), the uni- 
que path in the tree connecting F(Z) and F(X). By construction G is a quasi-inverse 
for F. We claim that G is free: Any arrow X + Y in G can be uniquely written (in 
reduced form) as a path using px,py and non-identity images of generating edges 
in F since it suffices to factorize F(f) in F and take the image under G of the fac- 
torization. Since prGF(f)~~’ =f, the graph generates (E;. Uniqueness follows im- 
mediately since ai’fol, is the identity or is ‘reduced as written’. 0 
Since for any object A of any connected non-empty groupoid IF, the inclusion 
of group AutlF(A) 4 [F is an essential equivalence, and any essential equivalence 
F: U3 + 1F of a group (E with IF has this form, 6 1 Aut&F(e)) = Horn&F(e), F(e)) we 
immediately conclude: 
Corollary 2.3. If F: (I3 + [F(9) is an essential equivalence of a group (I3 with a free 
groupoid [F(4), then CG is a free group freely generated by the set of all paths of the 
form g = g~‘f$~#id(F(e)) where f E 9 and & and & are the unique reduced 
paths from F(e) to X and Y whose generators lie in a fixed maximal tree 27~ 9. 
Remark. It is almost obvious to see Corollary 2.3 directly. The generators of (E have 
been defined so that 
F(e) 2 F(e) 
Xl 
(4) 
is commutative with f~ 9 and the ti, Ui in the tree gc 9. Thus g = id(F(e)) if and 
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only if fc 9 (for thenf$, : F(e) + Y would define the unique path in the tree from 
F(e) to Y and would then be equal to .Fr, by definition). Since for any XEG, its 
bijective correspondent, F(X) : F(e) --t F(e) is in the free groupoid F(9) and thus has 
a unique description as a reduced path 
f; 
F(e) ---+ X 
fi”’ 
1 
- _y 
fi” f,” 
2 - ... - x R - F(e) (5) 
with the g? E 9 (E = +l) with the commutative diagram 
f2” fi”’ 
F(X):F(e)-X,-X2-.**-X, 
f,” 
- F(e) 
T- T- 
id(F@)) : 7x, : =x2 
En i F, i 
F(e) 2 F(e) -2 F(e) - ... --+ 
T 
; 5X” id U(F(e)) 
T 
F(e) --+L 
(6) 
F(e) 
giving the unique description of F(X) in terms of the generators gi. 
Corollary 2.4. Any non-empty free groupoid is equivalent to a free totally discon- 
nected groupoid, i.e. a coproduct (= disjoint union) of free groups. 
2.5. The second proof of Theorem 2. I will be a purely categorical (i.e. functorial) 
proof of Corollary 2.3. 
Proof 2. Let 9 : E 2 V be a connected non-empty graph and 8: T Z V maximal 
tree contained in g. We assume that 9 and B have degeneracies freely adjoined. 
Now let II denote the graph with exactly one vertex and exactly one (degenerate) edge 
and form the pushout 
(7) 
nc f +sz 
/ 
li C (E-T)nII 
in the category of graphs with degeneracies. $2 then has exactly one vertex and exact- 
ly one non-degenerate loop for each edge in 9 not in the tree K Intuitively, every 
edge in 3 has been collapsed to a point (i.e. made degenerate) with the edges in the 
complement of 5 then becoming non-degenerate loops of 52. Note also that an edge 
f in 9 is sent to a degeneracy in Q if and only if f is an edge of .!7 (i.e. the square 
is a pullback as well as a pushout). The free groupoid functor now carries this push- 
out to the pushout (in Gpd) 
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Since V is non-empty, the functor F(5) is trivially an essential equivalence. Thus 
F(g) is an essential equivalence since in the category of groupoids the pushout of 
an essential equivalence along a monomorphism (e.g. F(i)) is an essential equiva- 
lence. Now F(g) is an essential equivalence if and only if the square 
F(g) 
F(9) - E(Q) 
mj 1 
vxv- U(?llxU) 
(9) 
is a pullback in Gpd. Thus the choice of any object o in V defines a functorial sec- 
tion 6: 0 -+ I/X I/ of I/X V+U and hence a functorial section u*: IF&?) -+ F(9) of 
F(g) by pullback. Since the new square with B and u* is a pullback, the free group 
F(0) is isomorphic to the group Horn F(91(u, u) for any object u in F(4). 0 
3. Rank of any equivalent free group 
3.0. The cardinality of the set of non-degenerate edges in the set of free generators 
G + F is Card(E- T) always. If g is a finite tree, then the cardinality of its set of 
edges is one less than the cardinality of its set of vertices. But since g is a maximal 
tree, its set of vertices is the same as the set of vertices of 9 (since 9 is connected). 
Thus for any equivalent group G, Rank(G) = Card(E- T) = Card(E) -Card(T) = 
Card(E) - (Card(V) - 1) = Card(E) -Card(V) + 1, or 
Rank(G) = 1 -x(s), (10) 
where x(s) “Af Card(V) - Card(E) is the Euler-PoincarP characteristic of gener- 
ating connected graph 9 : E Z I/. 
4. The Nielsen-Schreier theorem 
4.0. Recall that if G is a subgroup of a free group F(9), a Schreier-transversal for 
G is a set S of representatives of the set F/G of (left) cosets of F modulo G which 
has the property that eE S, and if .s=g$g$:,’ ... g?gfl is in reduced form, then 
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Theorem 4.1 (Nielsen-Schreier [4,5]). Any subgroup G of a free group lF(9) is free 
with free generators the set of elements t-‘gs # e where s, t E S, a Schreier transver- 
sal, SESG, gE9, tegsG. 
Proof. Whether a group [F is free or not, any (left, say) [F-set H defines a groupoid 
whose set of objects is the set H and whose set of arrows is the set IF x H, with pro- 
jection onto H as source, result of the action as target, and multiplication in IF as 
composition: 
FxH x f,,. 
a pr 
II 
(.Lf;):x -f.x gf 
\I 
g (11) 
H g. (f.x)=gf*x. 
In such a groupoid, the set H/F of orbits under the action is the set of connected 
components of the groupoid and the subgroup of automorphisms of any object 
x E H is isomorphic to the subgroup Fx = {f E IF 1f. x=x} which is the stabilizer of 
the element x. Any connected component is thus a homogeneous [F-set and as a con- 
nected non-empty (if Hz 0) groupoid is equivalent o the group of automorphisms 
of any one of its objects, i.e. to the stabilizer lFx subgroup of any element. Any two 
such groups are isomorphic in the groupoid and hence conjugate as subgroups of 
[F. Quite trivially, if [F is free on a set of generators 9, then any IF-set H is a free 
groupoid on the graph 
a 
SxH: H, 
pr 
whose target function is the restriction of action to 9. 
For our purposes here, the F-set of interest is the homogeneous E-set IF/6 of left 
cosets of a subgroup 6 of [F under the usual action 
(J;xG) H fxG. (12) 
The resulting groupoid has as objects the left cosets and any arrow has the form dic- 
tated by the action 
(J;xG):xG - f fxa;. (13) 
As a groupoid, it is connected and non-empty via the coset (I2 itself and the canonical 
functor (!) iG : G 6 F/G defined by 
g:e - e k---+ (g,6):6 -5 (5 (14) 
is an essential equivalence. Now if [F is a free group with a set 9 c IF for generators, 
then, by definition of the action, the groupoid iF/(E is a free groupoid whose gener- 
ating graph has for vertices the set [F/G of cosets and for edges the set E = 9 x 1F/G;, 
i.e. those arrows of the form 
s 
C? - gG, gE9. (15) 
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A maximal tree in this connected graph now defines a Schreier transversal since 
the unique path in the tree from the coset G to any coset XG defines a word in xG, 
and thus a representative of the coset xG, each of whose final segments must also 
be representatives in the tree. Thus Schreier’s theorem is just Corollary 2.3 applied 
to this case. 0 
G------+-------t 
(16) 
Corollary 4.2. If the subgroup G 4 IF(g) has index i = Card(V) and the free group 
F has rank r=Card(g), then Card(E) =ri, and from 3.0 we have 
Rank(G)=ri-i+l. (17) 
5. Serre’s theorem 
5.0. As a second application of the main theorem, or more properly again Corollary 
2.3, we will give a rather categorical proof of a theorem of Serre [6] which charac- 
terizes free groups as those which can be made to act freely on a tree. 
In order to do this, we must first recall the particularization of the construction 
which corresponds to that of “the profunctor from G to lF defined by a functor 
V: Gap x F -+ ENS” [l, 81 to our case of interest where G is a group and F is a 
groupoid. It has interest outside of our context here since it is available even when 
choice fails. Diagramatically, it consists of the following system: 
(18) 
Gl ’ n 
in which we have a right (=T) action of the group G on a set V, 
g X 
e-e- T(x) W x*g:e - T(X) (19) 
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and a left (=S) action of the groupoid [F on V, 
X 
e - T(X) 
f 
- T(f) k-f*x:e - T(f) (20) 
in which, in addition to the usual conditions for actions, ‘associativity’ holds, i.e. 
for all triplets e & e -% x &y in Gi x V xs IF, we have the equality 
f*(x*g) = (f*x)*g. (21) 
Every such system defines (via (e,X) ,+ (ax r))‘(e,X) = V(e,X) and the actions) a 
functor from UYp x IF into sets and, conversely, every such functor defines (via 
V=U Ce x) E ObCGOP x IF) V(e, X)) a system of this type (whose quasi-diagonal Gr x V x 
[F, 2 V is the ‘total space of the discrete fibration associated with such a functor’). 
Our interest here is the following easily verified 
5.1. Proposition. (a) In order that V represent a functor F: G + [F, i.e. V(e,x) Z 
HomlF(F(e), X), it is necessary and sufficient that W be a torsor (=principal homo- 
geneous pace) under the action of the groupoid 5, i.e. W # 0 and the canonical map 
((Ye, pr,) : W xs IF, --+ W x W is a bijection. 
(b) In order that W represent a fully faithful functor F: G -+ F it is necessary and 
sufficient that W be a torsor under the action [F and a pseudo-torsor under the action 
of G above IF,, i.e. (a) holds and the canonical map (pr,, ad> : 6+ x W -+ W xFo W is 
a bijection. 
(c) In order that W represent an essential equivalence, it is necessary and suffi- 
cient that (a) and (b) hold and that, in addition, r be surjective (i.e. W is a torsor 
under both actions). 
In effect, consider the groupoid r(W) whose set of objects is W and whose set 
of arrows is the fiber product (G, x W),, x,, (W xs F,), i.e. those ‘commutative’ 
squares of the form 
u 
e-x 
(22) 
e----Y V 
where u *g =f * u. Then, if u. is a chosen point of W, define F(e) = r(oo) and F(g) 
as that unique arrow of IF, such that u. *g =F(g) * oo, i.e. so that the square 
00 
e - F(e) 
g F(g) 
e -----+ F(e) vo 
is commutative. The proposition then follows immediately. 
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5.2. We now consider the case where we have a group G acting (on the right) on 
a non-empty graph E =: I/, this means that we have actions of G on I/ and E for 
which the source and target maps are morphisms of G-sets (i.e. a graph object in 
G-sets). We further suppose that the action of G on V (and from this it follows) and 
on E is free (i.e. the canonical map (pr,, ad> : UI+ x V-+ V/x V is injective), so that 
given any vertices u and w of V, there exists at most one g E G connecting u and 
w: (u =) w*g& w). It then follows that Gt x VZ V and Gt x E I$ E are isomor- 
phic to the graphs of equivalence relations on I/ and E and that the orbit graph 
G\EZG\V is defined: 
(23) 
Since the square (G, x S, pr, pr,, S) is a pullback and (prE, ad) and (pr,, cxd) are 
equivalence relations, it follows that the square 
pE 
E - G;,\E 
s I I s 
V-G,\V pv 
is a pullback as well. Thus we may replace (23) with 
pr 
VxE - ,!?(=G,\E) 
and view the graph Yx,E Z$ Y as having vertices of the form 
u 
c ---+ Pv(~) 
(24) 
(25) 
(26) 
Free groupoids, trees, and free groups 107 
and edges of the form 
e >“,l.Ip,@) 
\I a ff*ll 
P&Y * 0). 
(27) 
where CY *v is the map induced by T: E -+ V and the free action of 6 is given by 
(28) 
This forces the target vertex a * v to be unique since given any edge of the form 
e 
P& * 0) 
Mu) (29) 
there exists a unique g E 6, such that (a * v) *g = w and v *g = v. But then g = e and 
hence a * v = W. From this it now follows that G operates freely on the free groupoid 
Fl(l/xE)GV generated by VxE ZV and that G;,x,F,(VxE)~GrxV is the 
free groupoid generated by G x VXE 2 6, x V. Consequently, the free groupoid 
Fr@‘) 3 V is the quotient groupoid under this action and the square 
(30) 
is a pullback so that we have a system 
108 J. Duskin 
(31) 
exactly as in (18) whose rows are torsors as in (b) of Proposition 5.1. But the system 
is then equivalent to a representation of an essential equivalence F: G -+ IF,@) if 
and only if the middle column of (31) is a torsor, i.e. if and only if the canonical 
map Fl x Fl : (V x E) + V x V is a bijection and thus if and only if V x E 2 V was a 
tree. Since the target of F is the free groupoid F,(E), it then follows that G is a free 
group by Corollary 2.3 and we have the 
Theorem 5.3. (Serre 
freely on a tree. 
[6,7]). A group G is free if and only if 03 can be made to act 
The ‘only if’ is a consequence of the free action of G on the tree G x S za; 
where SC_ G is a set of free generators for G;; the orbit graph is then S-t 1. 
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